Abstract. Let C/F q be a regular projective curve, ∞ ∈ C a closed point, A := Γ(C − {∞}, O C ), and K := K(C) the fraction field of A. Consider a finite extension L/K, a place v of L, and an abelian A-module M (in the sense of Anderson) over L v . We prove that the L v -rational torsion submodule M (L v ) tors of M is a finite A-module.
1. Introduction 1.1. The present note is motivated by a conjecture in algebraic dynamics over local fields of positive characteristic. It arose as a question in Fakhruddin's paper [3] , where among other results it was proven that a morphism ϕ : P N Zp → P N Zp of degree at least two possesses only finitely many Q p -rational preperiodic points. (It is crucial here that ϕ is defined over Z p and not merely over Q p , as is evidenced by the iteration z → (z p − z)/p of P It is shown in [3] that there is an n > 0 such that all periods of F q ((T ))-valued points for ϕ n are powers of the equicharacteristic p. See also Zieve's thesis [7] , Theorem 50, for a more precise result in the case N = 1.
1.
2. An evidence for Conjecture 1 is the well known fact that an abelian variety A over any non-archimedean local field F has finite torsion group: #A(F ) tors < ∞. See, for example, Clark and Xarles [2] . Here, F can be a p-adic field Q p as well as a Laurent series field F q ((T )); hence, the analog of Conjecture 1 holds for an isogeny ϕ : A → A of degree at least two.
1.3. In function field arithmetic the counterpart of an abelian variety is the notion of an abelian t-module, introduced by Anderson in [1] . It includes, as the special case of dimension one, the notion of a Drinfeld module. The isogenies of such modules over F q ((T )) give rise to particularly well behaved additive endomorphisms of affine space A N Fq((T )) ; many of them extend as endomorphisms of P N Fq((T )) . The class of additive polynomials is of particular interest in Conjecture 1. We show that no counterexamples arise from an abelian t-module, by proving the analog of the finiteness result about abelian varieties in 1.2.
1.4. To state our result, we need to introduce some notation. Let C/F q be a regular, projective, geometrically connected curve, and consider a closed point ∞ ∈ C, declared as the place at infinity. Consider the ring A := Γ(C − {∞}, O C ) of functions on C regular outside ∞, and K its quotient field (the function field of C). Let further L/K be a finite extension, v a place of L, and
Let τ : x → x q be the Frobenius substitution and L v {τ } the twisted Frobenius ring defined by the commutation relation τ c = c 
The paper is organized as follows. In section 2 we consider the filled Julia A-module of Φ and prove that it is bounded. It is here that the hypothesis that Φ is abelian is used in a crucial way; we do not know if the statement of our theorem continues to hold for arbitrary Anderson A-modules. In section 3 we consider the formal module attached to an Anderson A-module over the valuation ring of L v and exploit the positive radius of convergence of the exponential map. The proof of Theorem 2 is then completed in section 4. For our purpose of proving finiteness of local torsion, the consideration of the L v -rational part of Φ FJ is sufficient. The following higher dimensional result is also due to Ingram and is essentially contained in the unpublished manuscript [5] . The short proof presented here was found independently by the present author, following the idea of the one dimensional case presented in [4] .
Boundedness of the filled Julia module
Our assumption is that M is also finitely generated as A ⊗ Fq L v -module; let α 1 , . . . , α r be a set of generators.
Write also v : L v \ {0} ։ Z for the normalized valuation of the local field L v . We claim that for all n ∈ N and i there is a presentation
where C < ∞ is a constant independent of n. The claim implies our desired conclusion. Indeed, if v(m i (x)) < −2C for some i then v(τ n m i (x)) = q n v(m i (x)) < −2Cq n , and (1) as n → +∞ shows that x cannot lie in the filled Julia set: otherwise it would
To prove our claim, note that τ · (f ⊗ c)α = (f ⊗ c q )τ α with v(c q ) = qv(c). Since by assumption the m i and the τ α j can be expressed as A ⊗ Fq L v -linear combinations in α 1 , . . . , α r , a presentation (1) follows by induction on n.
Remark. It is essential in Lemma 2.1 that Φ be abelian; the trivial t-module given by Φ t : 
for all f ∈ A. Here, as required by the definition of an Anderson
is a nilpotent matrix. Any A-module over L v can be brought to such a form by conjugation with a scalar.
In this way, letting R := A mv∩A the local ring of Spec A at m v ∩ A, we obtain a formal Anderson R-module
The formal logarithm. The proof of Prop. 2.1 in Rosen [6] (which treats the case d = 1) extends almost verbatim to yield a unique
We indicate the necessary changes. As in loc. cit., given the first identity Dl Φ = 1 d , it is enough to verify the second identity for r = π, a fixed generator for the maximal ideal of R. Write Φ(π) = π1 d + N π + n≥1 B n τ n and l = 1 d + n≥1 C n τ n with N π nilpotent and undetermined coefficients
Since N π is nilpotent, the coefficient on the left-hand side of (3) is invertible for all n ≥ 1, and equals the scalar matrix (π − π q n )1 d for n ≫ 0. As in [6] , we see from this description that (3) defines uniquely the desired l Φ , and that l Φ (x) converges for x ∈ G 
3.2. The exponential map. This is the inverse
of the formal logarithm. It satisfies e Φ r = Φ(r)e Φ for all r ∈ R.
Proof. This follows from the same calculations as in Propositions 2.2 and 2.3 of Rosen [6] (who considers the case d = 1). In fact, e Φ converges for all x having v(m i (x)) > e/(q − 1) for all i = 1, . . . , d, where e is the ramification index of O v /R.
Conclusion. Combining Lemmas 3.1 and 3.2, let
We obtain:
Proof. We also have Φ(f )(x) = 0. Evaluating e Φ r = Φ(r)e Φ at l Φ (x) we obtain e Φ (f l Φ (x)) = 0. Since f = 0, the two lemmas then yield x = 0.
Finiteness of local rational torsion
Combining Lemma 2.1 and Corollary 3 we can now complete the proof of Theorem 2. First of all, as noted at the beginning of section 3, conjugating Φ by a scalar λ with v(λ) ≫ 0 we may assume, for all f ∈ A, that Φ(f ) satisfies condition (2) . (The j-th matrix coefficient of λ −1 Φλ is λ d(q j −1) times the corresponding coefficient of Φ.) Then Corollary 3 applies, for some k = k(Φ) < ∞. Since the A-modules Φ and λ −1 Φλ are isomorphic over L v , we lose no generality in making this reduction.
Let us now fix a non-constant element f ∈ A. By Lemma 2.1 and the pigeonhole principle, there is an M = M(k) < ∞ such that, for all x ∈ Φ FJ (L v ), there are 0 ≤ j 1 < j 2 ≤ M such that m i (Φ(f j 1 )(x)) ≡ m i (Φ(f j 2 )(x)) mod m k v for i = 1, . . . , d; this means Φ(f
Since each L v -rational torsion point is in Φ FJ (L v ) by the definition of the L v -rational filled Julia module, this together with Corollary 3 yields a finite set F ⊂ A of non-zero elements of A such that every L v -rational torsion point for Φ has order belonging to F . Altogether, this yields finiteness for the L v -rational torsion.
